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DUALITY FOR DORMANT OPERS 


YASUHIRO WAKABAYASHI 


Abstract. In the present paper, we prove that on a fixed pointed stable 
curve of characteristic p > 0, there exists a duality between dormant sl n - 
opers (1 < n < p — 1) and dormant s(( p _ n )-opers. Also, we prove that there 
exists a unique (up to isomorphism) dormant sl( p _i)-oper on a fixed pointed 
stable curve of characteristic p > 0. 
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Introduction 

The purpose of the present paper is to establish a duality for dormant opers 
on a fixed algebraic curve of characteristic p > 0: 

dormant sl( p _ n )- opers 


dormant si n -opers 


where n is an integer with 1 < n < p — 1. 
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0.1. Recall that a dormant st„ -oper is, roughly speaking, a principal homoge¬ 
nous space over an algebraic curve equipped with a connection satisfying cer¬ 
tain conditions, including the condition that its p-curvature vanishes identi¬ 
cally. Various properties of dormant sl n -opers of the case where n = 2 were 
firstly discussed in the context of the p-adic Teichmiiller theory developed by 
S. Mochizuki (cf. p[3j). If n is general (but the underlying curve is assumed to 
be unpointed and smooth over an algebraically closed field), then the study of 
these objects has been executed by K. Joshi, S. Ramanan, E. Z. Xia, J. K. Yu, 
C. Pauly, T. H. Chen, X. Zhu et al. (cf. [6j, |Tj, [S], [3j). Also, formulations 
and background knowledge of dormant sl n -opers (or, more generally, a dormant 
(g, h)-opers for a semisimple Lie algebra g over k and H G k) in the present 
paper were discussed in the author’s papers (cf. [18], [T9]) . As we explained 
briefly in [19], §0.2, dormant g-opers and their moduli, which are our principal 
objects, contain diverse aspects and occur naturally in mathematics. At any 
rate, a much more understanding of them in our generalized setting will be of 
use in various areas relevant to the theory of opers in positive characteristic. 

0.2. We shall describe the main theorem of the present paper. Let p a prime 
number, n a positive integer with n < p, ( g,r ) a pair of nonnegative integers 
satisfying the inequality 2g — 2 + r > 0, S a fc-scheme, and X/s '■= (/ : X —> 
S, {a* : S —» X} r i=l ) a pointed stable curve over S of type (g,r) (cf. § 11,3j) . Let 
p be an element of (c n (F p )®) xr (cf. (j!25j) for the definition of c„(F p )®), where 
we take p = 0 if r = 0. We shall write 



( 1 ) 


for the moduli stack classifying dormant sl n -opers (resp., dormant sl n -opers of 
radii p) on X/s- Then, the main theorem of the present paper is the following 
assertion (cf. Theorem 15.2. ip . 

Theorem A. 

Suppose that n < p — 1. 

(i) There exists a canonical isomorphism 


( 2 ) 


0 s[„,at /S : ^PB[ (p _ n) ,X /S 

over S satisfying that ~ o ©^ r = id. 

V 5 \p-n)^/S Sin,X/s 

ii) By restricting ©* ri X/S ! we obtain a canonical isomorphism 



( 3 ) 



over S satisfying that © 
definition of p*)■ 


id (cf. M29\ ) for the 
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Also, we obtain the following assertion (cf. Theorem 15. 2. 2D . which is a gen¬ 
eralization (to the case of pointed stable curves) of [5], Theorem A (ii). The 
unique dormant sl( p _i)-oper asserted in loc. cit. was constructed explicitly by 
means of (the Frobenius pull-back of) the sheaf of locally exact 1-forms. 

Theorem B. 

The structure morphism Dp s ( ( ^ ]) X/s- —* S of Op s[ ^’(( ]) X/s- is an isomorphism. 
That is to say, there exists a unique (up to isomorphism) dormant sl( p -i)-oper 
on X/s- 


One may apply these theorems to the study toward explicit computations of 
the number of dormant sl n -opers. Indeed, let Wl g , r denotes the moduli stack 
classifying pointed stable curves over k of type (g, r) and Op r denotes the 
moduli stack classifying pointed stable curves over k of type (g,r) equipped 
with a dormant sl n -oper of radii p on it. Then, Theorem A allows us to 
generalize the result of [21J, Thereom B, which give an explicit computation 
of the generic degree of Op 0 over (cf. Corollary 5.2). Here, recall 
that since Op^A 0 is finite and generically etale over 9Jt gr . (cf. [2Tj, Theorem 
A), this generic degree coincides with the number of dormant sl n -opers on a 
sufficiently general curve. 

Moreover, by combining with results in p-adic Teichmullcr theory, we will 
have (in § 5.4) a rather explicit understanding of the case where n = p — 2. In 
particular, we will discuss (cf. Corollary 5.4) the structure of the fusion ring 
5p™i( p _ 2 ) ( c ^- (144)) associated with the function AT p ™ ( " p 0 (cf. (142)) assigning, 

to each data of radii p G (c n (F p )®) xr , the generic degree of Op^ z "' - 0r /3Ho ir . 
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1. Preliminaries 

Throughout the present paper, let us fix a prime p, a field k of characteristic 
p (hence F p := Z/pZ C k), and a pair of nonnegative integers (g,r) satisfying 
that 2g — 2 + r > 0. 


1.1. For a field k' over F p , we shall denote by 
( 4 ) 2 fc ' (resp., 2{ ( '_ )=n ) 
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the set of subsets of k! (resp., the set of subsets of k' with cardinality n). Also, 
denote by 

(5) fA (resp., !>$_,_„) 

the set of multisets over k' (resp., the set of multisets over k’ with cardinality 
n ). (For the dehnition and basic properties concerning a multiset, we refer 
to [ffij.) In particuler, 2 k ' C N fc/ and 2^_^ =n C N^_^ =n . 

The symmetric group & n of n letters acts, by permutation, on the product 
k' Xn of n copies of k!. The quotient set & n \k ,xn may be identified with N^_ )=n 
and, in particular, we have a natural surjection 

(6) k ,xn - ( & n \k lxn =) N k [_ )=n . 

Let r 0 := [t 0 j, • • • , ro, n ] be an element of N^_ )=n and a E k'. Then, we shall 
write 


(7) r 0 + “ := [t 0 j + a, • • • , r 0 , n + a] 

(resp., r 0 “ a := [r 0j - - a, • • • , r 0 , n - a] ) E N$_ )=n . 

If, moreover, ro is a subset of F p (i.e., an element of 2 Fp C Nj^_p ), then we 
shall write 


( 8 ) 

and write 

( 9 ) 


To Fp \ To (C F p ), 


y (e Fp) 


for the image of To via the endomorphism of F p defined as the multiplication 

by (-1). 

Let r be a positive integer, and r := (r 8 )C =1 an r-tuple of multisets over 
k', i.e., an element of the product (N fc ) xr of r-copies of . Then, for each 
a : = (aj)t =1 g fc' xr , we shall write 

(10) r + “ := {rt ai )U (resp., f" 3 := (rf**)^). 

If, moreover, f lies in (2 Fp ) xr , then we shall write 

(11) f* := (rf)[ =1 , r v := (t^Li, and r* := ((rf) v )[ =1 , 

all of which are elements of (2 Fp ) xr . One verifies immediately the equalities 
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1.2. Let T be a scheme over k (D F p ) and / : Y —y T a scheme over T. 
Denote by F T : T —y T (resp. , F y : Y —>• Y) the absolute Frobenius morphism 
of T (resp., Y). The Frobenius twist of Y over T is, by definition, the base- 
change Y± l) (:= Y x t ,f t T) of / : Y —> T via F T : T —» T. Denote by 
/■b : Yj P 1} —> T the structure morphism of the Frobenius twist of Y over 
T. The relative Frobenius morphism of Y over T is the unique morphism 
Fy/r '■ Y —» Yf l) over T that fits into a commutative diagram of the form 


(14) 


Y 


T 


^ “2^4 y 


idj 1 


f w 


> T 


Ft 


■> T. 


Here, the upper composite in this diagram coincides with Fy and the right- 
hand square is, by the definition of Y ^ l> , cartesian. 


1.3. Denote by %Jlg !r the moduli stack of r-pointed stable curves (cf. [XT] , 
Dehnition 1.1) over k of genus g (i.e., of type (g,r)), and by / tou : € 9tr —> 9Jt g , r 
the tautological curve, with its r marked points Si, • • • , s r : —> £ g , r - Recall 

( C f. mi, Corollary 2.6 and Theorem 2.7; [4], §5) that may be represented 
by a geometrically connected, proper, and smooth Deligne-Mumford stack over 
k of dimension 3g — 3 + r. Also, recall (cf. [9], Theorem 4.5) that 9Jt a>r has 
a natural log structure given by the divisor at infinity, where we shall denote 
the resulting log stack by Also, by taking the divisor which is the union 

of the sf s and the pull-back of the divisor at infinity of we obtain a log 
structure on £ g y, we denote the resulting log stack by dfff. f iau : € g ^ r —> 9Jl g , r 

extends naturally to a morphism flff : of log stacks. 

Next, let S' be a scheme, or more generally, a stack over k and 

(15) X,s ■= (f-X^ S, {&i : S —>• X}[ =1 ) 

a pointed stable curve over S of type (g,r), consisting of a (proper) semi- 
stable curve / : X —> S over S of genus g and r marked points cq : S —> 
X (i = 1, - • • , r). X/s determines its classifying morphism s : S —> Xfl g r 
and an isomorphism A" —* S £ g , r over S. By pulling-back the log 

structures of and we obtain log structures on S and X respectively; 
we denote the resulting log stacks by S log and A" log . The structure morphism 
/ : X —» S extends to a morphism / log : X log —y S log of log stacks, which is log 
smooth (cf. [ID], §3; [9j, Theorem 2.6). Let us write Tx^e/s 1 ^ f° r the sheaf of 
logarithmic derivations of A" log over S' 108 and D x io g /sio g := 7^i og , s i og for its dual, 
i.e., the sheaf of logarithmic differentials of X log over S log . Both Tx'°g/s l °s an< l 
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f^og/siog are line bundles on X. For each i — 1, • • • , r, there exists a canonical 
isomorphism 

(16) <j* (fljpog/giog) —> Os 

which maps any local section of the form <7*(dlog(;r)) G <T*(flx lo g/s lo g) (for a 
local function x defining the closed subscheme cr* : 5 —> X of X) to 1 G Os- 
If t : T -A 5 is an 5-scheme, then we shall use the notation “X/t” for 
indicating the base-change of X/g via t , i.e., the pointed stable curve 

(17) X/t := (X x s ,t T/T, {a, Xg id T : (T =)5x s , ( Tg X x 5)t T}\ =1 ) 
over T. 


1.4. Let 5, X/g be as above and V be a vector bundle (i.e., a locally free 
coherent Ox-module) on X. By an S-log connection on V, we mean (cf. [18], 
§4.1) an / _1 (Og)-linear morphism 

(18) V : V —y flx lo s/s lo s ® V 
satisfying the condition that 

(19) V(a • m) = d(a) ® m + a ■ V(m) 

for local sections a G Ox and m G V, where d denotes the universal logarithmic 
derivation Ox —>■ flx lo g/s lo g- 

If V is an 5-log connection on V, then we shall write det(V) (resp., V v ) 
for the 5-log connection on the determinant det(V) (resp., the dual V v ) of V 
induced naturally by V. Also, for m > 1, we shall write V® m for the 5-log 
connection on the m-fold tensor product V 0m of V induced by V. If, moreover, 
we are given a vector bundle V' on A" and an 5-log connection V' on V', then 
we shall write V (8) V' for the 5-log connection on the tensor product V <8> V 
induced by V and V'. 

A log integrable vector bundle on X/g (of rank m > 1) is a pair £ := (X, V^) 
consisting of a vector bundle T on X (of rank m) and an 5-log connection V^r 
on T. If T is assumed to be of rank 1, then we shall refer to such an $ as a 
log integrable line bundle on X/g. 

Let J : = (X, Vj-) and 0 := (Q, Vg) be log integrable vector bundles on X/g. 
An isomorphism from J to 0 is an isomorphism X —y Q of Dx-modulcs that 
is compatible with the respective 5-log connections Vj and Vg. 


1.5. We recall the definition of the p-curvature of a logarithmic connection 
(cf., e.g., [17], § 3). Let $ := (X, Vj) be a log integrable vector bundle on X/g. 
If d is a logarithmic derivation corresponding to a local section of 7xio g /gio g , then 
we shall denote by ch p ) the p-th symbolic power of d (i.e., “<9 ha d asserted 
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in SI. Proposition 1.2.1), which is also a logarithmic derivation correspond¬ 
ing to a local section of 7xi°g/si°g- Then there exists uniquely an Ox -linear 
morphism 

( 20 ) ^'-.TX/s^^SndoAJ 7 ) 

determined by assigning 

(21) d® p ha Vjr((9) op - Vj-(<9 (p) ) 

for any local section d G Tx^&/s lo &i where Vj-(<9) op denotes the p -th iterate of 
the f~ 1 (Os )-linear endomorphism Vj-(<9) of F. We shall refer to as the 
p-curvature of Vj-. 

1.6. Next, we recall the monodromy of a logarithmic connection. Let ( F , Vjr) 
be as above, and suppose that r > 0. For each i = 1, ,r, consider the 

composite 

(22) F —? Q x l 0 g / S l° g F —^ <3i*(cr* (fl_Y lo g/S lo s) ® cr *\F)) 

where the second arrow arises from the adjunction relation “&*(—) H cu*(—)” 
(i.e., “the functor cr*(—) is left adjoint to the functor <7j*(—)”), and the third 
arrow arises from the isomorphism (fT6lh This composite corresponds (via the 
adjunction relation ‘cr*(—) H <7j*(—)” again) to the Os- linear endomorphism 
o~*(F) <7* (F) , equivalently, a global section 

(23) pper (S,£ndo s (cUm- 


Definition 1.6.1. 

We shall refer to as the monodromy of Vjr at cq. 

Remark 1.6.2. 

Let £ := (£, Vc) be a log integrable /mebundle on X/ 5 . Then, £ndo s {cr*(C )) = 
Os’, and hence, (i — 1 , • ■ • , r) may be thought of as an element of T(S, Os)- 
In particular, it makes sense to ask whether lies in k (C r(5, Os)) or not. 


Remark 1.6.3. 

If G is a vector bundle on xjg\ then one may define (cf. [18], § 3.3) canonically 
an 5-log connection 

(24) Vg an : F* X/S (G) -A n x i oe/s i° B ® F* X/S (G) 

on the pull-back F X j S (G) of G, which is uniquely determined by the condi¬ 
tion that the sections of the subsheaf FxjsiS) (C F X / S (G)) are contained in 
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Ker(Vg an ). We shall refer to Vg an as the canonical S-log connection on F’x/siS). 
One verifies immediately that 

(25) Im(Vg an ) C Q x/S ® F* X/S (Q) ( C n xioels io S ® F* X/S {Q)) 

(i.e., Vg an arises from a non-logarithmic connection on an< ^ 

(26) = fjr o 
for any i. 


1.7. Let us write m := rk(J r ). For each i — 1, • • • , r, denote by (pJ T (t) G 
T(S, O s )[t] the characteristic polynomial of /of-'", i.e., 

m 

(27) $'(t) := det(i . id„- OT - fi r ) = E • A 

j=0 

where G T(5', 0s) (satisfying that = 1). 


Proposition 1.7.1. 

Suppose further that '0 V - F = 0. Then, for any j = 0, • • • , m, the element a?J 
lies in F p . 

Proof. The condition “'0 V - F = 0” implies the equality 

(28) [firy - = 0. 

Hence, (since S is of characteristic p) we have a sequence of equalities: 


(29) = ' J Y 

3=0 3=0 

= det((t ■ id a * ( jr) - /i^) p ) 
= det(t p • id^ - (rfn p ) 
= det (t p • id CT * (jr) - /q V ^) 

m 

= Y.Tf t,p - 

3=0 


This yields the equality 
(30) 

(j = O,-.. ,m), i.e., oJV e F„. 


(“«)’’ = <•« 

This completes the proof of Proposition 11.7.11 

□ 


Definition 1.7.2. 




DUALITY FOR DORMANT OPERS 


9 


(i) Let Tj := [r,j, • • • , Tj )7n ] be a multiset over r(S', (9s) with cardinality m. 
We shall say that Vj- is of exponent Ti at cr,: if (f>i T (t) may be described 
as 

m 

( 31 ) = Yl(t-T i!:j ). 

3 = 1 

(ii) Suppose that r > 0 and we are given an r-tuple r := ( Ti ) r i=1 of multisets 
over k with cardinality n (i.e., an element of (2jjW =Jl ) Xr ). Then, we shall 
say that $ = (J 7 , Vjf) is of exponent t if Vj- is of exponent Tj at cu for 
any i G {1, • • • , r}. 

(iii) Suppose that r = 0. Then, we shall say, for convenience, that any log 
integrable vector bundle on X/s is of exponent 0. 


Remark 1.7.3. 

Let i G {1, • • • , r}, Tj G T(S', Os), and let II := (£, V c) be a log integrable line 
bundle on X/s- Then, Vc is of exponent Tj at cu if and only if = —Ti. 

The following two propositions follow immediately from the various defini¬ 
tions involved. 

Proposition 1.7.4. 

Let $ = (J 7 , Vj-) be a log integrable vector bundle on X/s, and suppose that 
Vjr is of exponent r. t := [t^i, • • • , Tj im ] (where r^j G T(S, Os) ) at <7j. Then, the 
S-log connection det(Vj-) on the line bundle det(J r ) is of exponent T i,j a t 

(Tj. 


Proposition 1.7.5. 

Let $ := (J 7 , Vj-) be a log integrable vector bundle on X/s of exponent r := 
(xj)j =1 G (2^ =ri ) xr and if := {C,Vc) a log integrable line bundle on X/s of 
exponent a := (aj)j =1 G k xr (= (2^_^ =1 ) xr j. Then, the log integrable vector 
bundle 

(32) £<£>£ := (J 7 ® £, <g> V £ ) 

is of exponent f +a (cf. fflh)). 


2. Determinant data 

In this section, we shall recall the notion of a determinant data (cf. Definition 
12.1.11 (i)), which appeared in the author’s paper (cf. [IS] . Definition 4.9.1 
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(i)). As we proved in [18 j (cf. [18], Theorem D, or (1132ft displayed later), one 
may realize, after fixing an n-determinant data U, each sl n -oper as a certain 
integrable vector bundle (i.e., a (GL n , U)-oper). Since we have assumed that 
the ground field k is of positive characteristic, there exists (cf. Proposition 
12.1.5ft necessarily an n-determinant data with prescribed monodromy. 


2.1. Let S and X/ g be as before, and n a positive integer with < p. 


Definition 2.1.1. (cf. [IB], Definition 4.9.1) 

(i) An n-determinant data for X/s is a pair 

(33) U:=(B,V 0 ) 

consisting of a line bundle B on X and an S'-log connection Vo on the 
line bundle 7^ og// ^i og <g> B® n . 

(ii) Let U := (B , Vo) and U' := ( B ', V),) be n-determinant data for X/s ■ An 
isomorphism from U to U' is an isomorphism B 4- B' of C>Y- m odules 
such that the induced isomorphism 


(34) 


i(n — 1) 


n(n — 1) 

7 X lo s/S lo s 


X lo e/S l °s ^ 

is compatible with the respective S'-log connections Vq and Vq. 


Remark 2.1.2. 

Let U := ( B, V 0 ) be an n-determinant data for X/s and s' : S' —)■ S a morphism 
of fc-schemes. Then the base-change 

(35) s'*(U) := ((id* x s')*(£0, (id x X s')*(V 0 )) 

via s' forms an n-determinant for X/s> (cf. (ITT]) )). 


Definition 2.1.3. 

We shall say that an n-determinant data U := (B,V 0 ) for X/s is dormant if 

V> v ° = 0. 

Definition 2.1.4. 

Let a be an element of k xr . We shall say that an n-determinant data U := 
(B,X7 0 ) for X/s is of exponent a if the log integrable line bundle (7~^i og A log <8) 
B® n ,V 0 ) is of exponent a (cf. Definition 11 . 7.21 (ii) and (iii)). 


Proposition 2.1.5. 

Suppose that r > 0, and let a := (ai) r i=1 G F* r . Then, there exists a dormant 
n-determinant data U := ( B , V 0 ) for X/ s of exponent a. 
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Proof. Since n < p, one may choose a pair of nonnegative integers (s, t) satis¬ 
fying that p ■ s = n ■ t + . Let us take B' := T X L S / 5 i og - Then, 

(36) 7® B mn -4 4 Fi /S ((idx x F s )*(7$, /gl J). 

Q ra(ra-l) 

Denote by Vq the 5-log connection on 7^ log / 2 s i og <S> B'® n corresponding, via 
this composite isomorphism, to the canonical 5-log connection on F *x/s(( id x x 
Ts)*(7^io g , s i og )) (cf. Remark ll.6.3D . Then, the pair (£>', Vg) forms a dormant 
n-determinant data for X/s of exponent (0, 0, • • • , 0) (cf. f|26|) ). 

Now, for each i = 1, • • ■ ,r, we shall choose a nonnegative integer m* such 
that m ? ; • n = a,i in ¥ p , where m, • n denotes the image of m* • n e Z via the 
quotient Z -» F p . In particular, • n)crj is an effective relative divisor 

on A" relative to 5. By passing to the isomorphism 


(37) 


n(n-l) 

(t5„A,°* 


5 


n(n— 1 ) 


/Ov ' L \' L - ) 

J2(mi ■ n)(Ti) ^ T xlos/ 2 slos 


i =1 


<8> B'{— mjCTj) 0 ”, 
2=1 


Q n ( n ~ 1 ) 

the restriction of Vq to (7^ og Aog 


Xn=i( m *' n ) <T *) corresponds to an 5- 

x-. n(n — 1) 


log connection Vo (with vanishing p-curvature) on T xlos 2 slos ®B'{— YH= i 
This 5-log connection is, by construction, of exponent m; • n = ai at op Thus, 
we obtain a dormant n-determinant data 


(38) (£:=#(- 0 ) 

2=1 


which satisfies the required conditions, as desired. 


□ 


2.2. Let U := (5, Vo) be an n-determinant data for X/s and £ := (£, Vc) be 
a log integrable line bundle on X/s- We shall consider the pair 

(39) U®£ := (£®£,Vo® V® n ), 


where we regard Vo <S> V® n (cf. § 11.4ft as an 5-log connection on 


(40) 


a(n — 1 ) 


i(n — 1 ) 


7^ og/ 2 SI og ® (B ® £)® n (= (r Y : og / slo 


B® n )®L m ). 


One verifies that U <g) £ forms an n-determinant data for Xyg. If, moreover, U 
is dormant and = 0, then U <g> £ turns out to be dormant. 
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2.3. For each line bundle B on X, one may construct canonically a dormant 
/^-determinant data whose underlying line bundle coincides with B. 

Indeed, let us consider the natural composite isomorphism 


(41) F; x/s ((id x xF s y(7l*'-) s ,„,®B)) A (7 


Y 2 

* X l °e/S l °s 


By passing to this composite, the canonical S-log connection on ^x/s(^ x x 

q P - 1 _ q PIP" 1 ) 

Fsnr xl J /slog ®B)) (cf- Remark U.6.3p carries an 5-log connection on T xlog ^ slos <^> 
B® p , which we denote by Vg a g. Thus, the pair 


(42) Ur:=(fi,VS^) 

yean 

forms a dormant 71 -determinant data for X/g satisfying that fi i 0,8 = 0 for any 
i (cf. ( 1261 ) 1 . 


2.4. 

(43) 


Let U := (£>, Vo) be an n-determinant data for X/g. If we write 


e v '“ :=siS£7L,®b v . 


then we have a natural composite isomorphism 
(44) 

hh/ 2 s ,. s ® is 7 ’ 

q n(n-l) 

The S'-log connection Vq on (T^i og// 2 s i og <g )B® n y carries, by means of this com- 

q «(n—1) 

posite isomorphism, an S-log connection on 7^ log ^i og < 8 > (£> v ’ n )® n ; we shall de¬ 
note this connection by Vq . Thus, we obtain an n-determinant data 


„ n(n— 1 ) 

A 

T X lo s /5 lo s 


(8) (12 


n— 1) 
X lo s/S lo s 


B 


V\(g)n 


^(T‘ 


u(n — 1) 


A' lo s/Slog 


(45) 


U’ := ( 6 v '".Vj) 


for X/s, which is referred to as the dual n-determinant data of U. 
One verifies that there exists a natural isomorphism 

(46) (U v ) v 4 U 


of n-determinant data. 


2.5. Let U := (B,Vo) be as above, and write 
(47) B»’ n :=TX /sios ®B. 
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Consider the canonical composite isomorphism 


(48) 


„ P(P~ 1) 
2 


->• 


-» 


(,T xl ° e /giog 

| ■(p 2 —p—n 2 +n) 


Xlog /s log 

(p — n)(p — n — 1) 




-n) 


X lo s/S lo s 


0 


£ 


®n\V 


The product Vg’g 0 Vq of the 5-log connections carries, by means of this 

g (p-n)(p-n~ 1) 

composite isomorphism, an 5-log connection Vq on 7^ 0 g y s i 0 | 0 (£P ,n )®h , - n ). 

Thus, we obtain a (p — n)-determinant data 


(49) 


If , = y>) 


for X/s- 

Moreover, we shall write 

(50) U* := (If) v 

and refer to it as the it-dual (p — n)-determinant data of U. If B * denotes the 
underlying line bundle of U*, i.e., 

(51) B* := (5 > ’ n ) v ’ p - n , 


then there exist natural isomorphisms 

(52) B* 4 ® and B* B v ' p . 

The following three propositions follow immediately from the various defini¬ 
tions involved. 


Proposition 2.5.1. 

There exists a canonical isomorphism 

(53) (U*)* 4 U 

of n-determinant data. 


Proposition 2.5.2. 

Let £ := (C.'Vc) be a log integrable line bundle on X/s, and write £ v : = 
(£ v , V^). Then, there exists a canonical isomorphism 

(54) (U0£)*4U*0£ V 

of (p — n)-determinant data. 
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Proposition 2.5.3. 

Let B be a line bundle on X. Then, there exists a canonical isomorphism 

(55) (U^p 4) U^* n 4 (U^ n ) V 

of p-determinant data for X/s- 


3. Opers on pointed stable curves 

In this section, we recall the definition of a (dormant) GL n -oper and consider 
the canonical construction of a dormant GL p -oper by means of a line bundle 
(cf. Proposition 13.7.11) . 

Let S, X/Sj and n be as before. 

3.1. First, recall the definition of a GL n -oper, as follows. 

Definition 3.1.1. (cf. [18], Definition 4.2.1) 

(i) A GL n -oper on X/s is a collection of data 

(66) &■.= V,vm-V}”,„), 

where 

• T is a vector bundle on X of rank n; 

• Vj- is an S'-log connection T —> Q x l °e/s lo s G> T on J 7 ; 

• {-T-*- 7 }^=o i s a decreasing filtration 

(57) 0 = PC F n - X C • • • C P = J 

on T by vector bundles on X, 
satisfying the following three conditions: 

(1) The subquotients J 7J /J 7J+1 (0 < j < n — 1) are line bundles; 

(2) V T (P) C D Y io g/s io g ® P~ x (1 < j < n - 1); 

(3) The Ox-linear morphism 

(58) ts^ : P/P +1 -A fl x io g/5 io g ® (P^/P) 

defined by assigning a ha V x (a) for any local section a e J 7 - 7 
(where (—)’s denote the images in the respective quotients), which 
is well-defined by virtue of the condition (2), is an isomorphism. 

(ii) Let tf 9 := (X,Wx,{P}P o), := (G,Vg,{G j }?=o) be GL„-opers on 

X/s■ An isomorphism from p to 25 ^ is an isomorphism J 7 —> Q of 
log integrable vector bundles (cf. § 11.4ft that is compatible with the 
respective hltrations {P}f =0 and {G J }j =0 - 
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Remark 3.1.2. 

Let ^ := ( 1 7 , Vjr, {J rj }] =0 ) be a GL n -oper on X/s and fix j E {0, • • ■ , n — 1}. 
By composing the isomorphisms 

(59) (p/p +1 ) 0 4 (A+VA+ 2 ) 0 7^7^ 

arising from the isomorphism £s^, (j + 1 < l < n — 1) (cf. (j58jl ). we obtain a 
canonical composite isomorphism 

(60) F/P +1 4 (^•+ 1 /^+ 2 ) ® T x io g/ 5 .o g 4 ■ ■ ■ 4 J — 1 < 8 ) 

between line bundles on X. Moreover, by applying these isomorphisms for all 
j, we obtain a composite isomorphism 

n— 1 

(61) hety? : det(X) 4 §Z)(P/P +1 ) 

j =o 

n —1 

4 (® 0 cf- 1 )®" 

3=0 

^ n(n— 1) 

4 T^T, 0 

In particular, we have 

(62) 

n(n — 1) 

deg(X) = deg (77-iog/giog ® (J 7 "” 1 ) 0 ") = w(n -l)(l-g)+n- deg(7 rn ~ 1 )- 

The following proposition will be used in the proof of Proposition 14.2.11 
Proposition 3.1.3. 

Let ^ ■= (IF, Vjf, {IF^ =0 ) &e a GL n -oper on X /5 and (V, Vy) a log integrable 
vector bundle on X/s■ Suppose that we are given two morphisms 4>i, f >2 '■ IF —> V 
both of which are compatible with the respective S-log connections Vj-, Vy, and 
satisfying that = 4> 2 \r n ~i- Then, we have the equality <fi = f> 2 - 

Proof. Suppose that (fi\jrj = 0 2 | Ti for some j E {1, • - - ,n — 1}. By the def¬ 
inition of a GL n -oper, T 7 * -1 may be generated by IF J and V^T 77 )- Hence, 
since both <fi and <f 2 are compatible with the S'-log connections Vj- and Vy, 
the equality dpi |jn = 0 2 |^' implies the equality = </> 2 |j-j-i. Thus, the 

assertion follows from descending induction on j. □ 


Definition 3.1.4. 

We shall say that a GL„-oper : = (IF, Vj-, {^ }U ) 011 X/s is dormant if 
= 0. 
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3.2. Let $ : = (J 7 , Vjf) be a log integrable vector bundle on X/ s of rank n. We 
shall write 

(63) ^Ker(v^) := Fx/ S {F X /S*( Ker(Vjr))). 

Note that although Ker(Vx) is not an Ox-module, one may equip, in a natural 
manner, its direct image i 7 x/ 5 *(Ker(Vj-)) via F x /s with a structure of O p)- 

module. The (9 Y p)-linear inclusion Fx/s*(Ker(Vj-)) ^ F x /s*(F) corresponds, 
via the adjunction relation U F ^^ S (—) H -Fxys*(—)” , to an Ox-linear morphism 

(64) F : ^.Ker(Vjr) —> J 7 ■ 

If we consider the canonical S'-log connection ? ( Ker (v^)) on ^Ker(Vjr) (cf. 

Remark 11.6.31) , then the morphism z/ V;r is compatible with the respective con¬ 
nections (Kcr(Vjr)) anc l Vj-- The morphism z/ V;r fits into the short exact 

sequence 

r 

(65) 0 —y ^4Ker(Vjr) -> J 7 —> A sing © © Aj —> 0 

i=l 

of O x -modules (cf. [18] , the equivalence of categories (754), or the short exact 
sequence (755)), where A sing and Aj (i — 1, • • • , r) are Ox-modules supported 
on the nonsmooth locus of the semistable curve A" (over S) and the locus 
Im(cTj) C X respectively. 

Then, we shall recall the following proposition. 

Proposition 3.2.1. 

In the above notation, suppose further that ip V:F = 0 and S = Spec (k 1 ) for 
some algebraically closed field k' over k. Then, for each i (— 1, •• • ,r), there 
exists uniquely a multiset [r^i, • • • , r vn ] over 7L with cardinality n satisfying the 
following three conditions: 

(1) 0 < nj < p for any j = 1, • • • , n; 

(2) Aj decomposes into the direct sum 

n 

(66) Aj —> O x (Tij(Ji)/Ox'i 

3 = 1 

(3) Vjr is of exponent ■ ■ ■ ,r ijn ] at a, (cf. Definition \1.7.2\ (i)), where 
each t\ j denotes the image of r hJ via the quotient 7L —* F p (C. k). 


Proof. The assertion follows from [15], Corollary 2.10 or the discussion in [IB] 
following Lemma 7.3.2. □ 
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3.3. Next, we consider GL n -opers with prescribed determinant. Let U := 
(£>, V 0 ) be an n-determinant data (cf. Definition 12 . 1.11 (i)) for X/s- 


Definition 3.3.1. (cf. [[IT] , Definition 4.6.1 and Definition 4.9.4) 
(i) A (GL n , U) -oper on X/s is a collection of data 

(67) &>'■={?, 

where 

• the collection of data 


(68) ^:=(^V^{^'}J =0 ) 

is a GL n -oper on X/s (which is referred to as the underlying GL n - 
oper of 3^); 

• r/g-o is an isomorphism B T n ~ x of Ox-modules such that the 
composite isomorphism 


(69) 


^ n(ra-l) 

'-r Q9 2 

1 X l °e/S 1 °b 


B 5 




»(n—1) 
2 

' X l °B/S l °B 


if 


n—l\ 


-A det(J r ) 


(cf. (16T1) for the definition of the isomorphism Oct(_)) is compatible 
with V 0 and det(Vj-) (cf. § 11.41) . 

(ii) Let $0 := (J lV 7 ) {P}” = o ))te «) and 0 ^ := (£, Vg, {G j }/=o, V< 5 «) be 
(GL n , U)-opers on X/s- An isomorphism from ^ to 0^ is an isomor¬ 
phism a : T —* Q of GL n -opers (cf. Definition 13.l.lf (ii)) whose restric¬ 
tion a| jm-i : T n ~ x — > Q n ~ l satisfies the equality a\jm-i o r]$o = rj & o. 


Definition 3.3.2. 

Let t := {ji) r i=l be an element of (2^_^ =ri ) xr (where we take t := 0 if r = 0). 
Then, we shall say that a (GL n , U)-oper ^ : = (J 7 , Vj-, {.7 7J "}” =0 , V$o) on X/s 
is of exponent t if the underlying log integrable vector bundle (J 7 , Vj-) is of 
exponent f (cf. Definition 11.7.21 (ii) and (in)). 

Remark 3.3.3. 

The definition of a (GL n ,U)-oper in Definition 13. 3. II differs from the definition 
of a (GL n , l,U)-oper proposed in [T7], Definition 4.9.4. 


Remark 3.3.4. 

Let s' : S' —» S be a morphism of /e-schemes and := (J 7 , Vjr, 
a (GL n , U)-oper on X/s- Then the collection of data 

(70) 

obtained from pulling-back the collection of data ^ via idx x s' : X x s S' —> X 
forms a (GL„, s'*(U))-oper (cf. (j55]l ) on X/s> (cf. f[T7D ). 














18 


YASUHIRO WAKABAYASHI 


Definition 3.3.5. 

We shall say that a (GL re , U)-oper ^ := (J 7 , Vj-, {•7 7J "}” =0 , r)$o) is dormant if 
= 0 . 


Remark 3.3.6. 

If there exists a dormant (GL n ,U)-oper 3"^ := (J 7 , V^-, {J r - J '}” =0 , 77 ^ 0 ) on X/ 5 , 
then U is necessarily dormant (by [18], Proposition 3.2.2). Indeed, if Tr denotes 
the trace map Tr : End (J 7 ) —>■ Ox, then we have -0 V ° = - 0 det ( v -G = Tro^W- = 0 
(cf. [7], Proposition 2.1.2 (iii)). 


Remark 3.3.7. 

Suppose that n — 1. Let us consider the 1-step filtration {£P}1 =0 on £? given 
by B° .= B and B 1 := 0. Then, one verifies immediately that the collection of 
data 

(71) 58° := (e.V 0 ,{B j }j. 0 .id B ) 

forms a unique (up to isomorphism) (GL 1; U)-oper on %/s- If U is dormant, 
then 23^ is tautologically dormant. 


Proposition 3.3.8. 

Suppose that r > 0. Let U := (B, Vo) be an n-determinant data for %/s 
and := (J 7 , Vj-, {J 7 - 7 }”^, a dormant (GL n ,U )-oper on %/s (hence U 
is dormant by Remark \3. 3.6\) . Then, there exists an element r := ( t ? ;)[ =1 of 
(2|f_s =n ) Xr such that ^ is of exponent t. 

Proof. It follows from Proposition 11.7.11 that for each i = 1, • ■ -r, the charac¬ 
teristic polynomial (^^{f) of /i ? Vjr lies in F p [t\. Thus, we may assume, after 
possibly restricting X to a geometric fiber of / : X —> S, that S = k' for 
some algebraically closed field k' over k. Let [to, • • • , r vn ] ( i = 1, • • • ,r) be 
the multiset asserted in Proposition 13.2.11 of the case where the log integrable 
vector bundle under consideration is taken to be (J 7 , V_f). (In particular, VV 
is of exponent 77 := [ryi, • • • ,Tj in ] at or) But, according to [IB], Proposition 
7.3.3, the integers r iy 1 , ■ • • , 7 y n are mutually distinct. This implies that t * is 
consequently a subset of F p , and hence, completes the proof of Proposition 
13X81 " □ 


3.4. Let ^ := (J 7 , Vj-, {J 7 - y }" =0 , ?/yo) be a (GL n , U)-oper on %/ s of exponent 
t G (Lff(_) =n ) xr , £ '■= (£, Vn) a log integrable line bundle on %/ s of exponent 
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a := (ct«)i=i G k xr . Then, one verifies from Proposition II.7.51 that the collection 
of data 


(72) := ® A 0 V £ , {P 0 £}J =0 , % o 0 id*) 

forms a (GL n ,U 0 £)-oper (cf. (J39])) on £/ s of exponent f +a (cf. (ITU ). 


3.5. Let P be as above. If we write (J rV )- 7 for the kernel of the dual 
P -» [P~p of the inclusion P~i ‘-A T ’, then the collection of data 

(73) (J- v ,V^,{(J- v y}” =0 ) 


(cf. S I 1.41 for the definition of V^-) forms a GL n -oper on X/s- 
Moreover, consider the composite isomorphism 
(74) 

* : e°'” T (T^ ® By 4 (T^Zjsl ® T T (T' 


n— 1 


(cf. (143|) for the definition of B v,n ), where the second isomorphism arise from 
r]jr<> : B A P~ l and the third isomorphism denotes the dual of the isomor¬ 
phism (j60j) for the case where j = 0. One verifies that the collection of data 

(75) := (r v , V>,{(P v ) j }".o.%’«) 

forms a (GL n ,HJ v )-oper on X/s (cf. (j45|) for the definition of U v ). We shall 
refer to p y as the dual (GL n ,U y )-oper of p. If, moreover, p is dormant, 
then is verified immediately to be dormant. 

Finally, there exists a natural isomorphism 


(76) 


OUT 4 


of (GL n , U)-opers. 


3.6. Recall (cf. [15] . §4.4) that the sheaf of logarithmic crystalline differential 
operators (or Icdo ’’s for short) on A" log over S log is the Zariski sheaf 


(77) 


V 


<oo 

A' lo s /S l ° s 


on X generated, as a sheaf of rings, by Ox and Tx'°s/s l °s subject to the following 
relations: 


• fl*f2 = fl‘ fti 

• h = h - 6 ; 

• 6 * 6 - 6 * 6 = [ 6 ) 6 ]; 

• /i * fi — fi * /i = £i(/i), 

for local sections /i, f 2 £ Ox and £i, £ 7x l °g/s lo 8i where * denotes the 

multiplication in T><iZ s / S i og . In a usual sense, the order (> 0) of a given Icdo is 
well-defined. Hence, 'D‘^f e , glog admits, for each j > 0, the subsheaf 

( 78 ) V<l t/S „ s (C V<Z /S ,J 
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consisting of ledo' s of order < j. T>< f og/ , slog (j = 0,1,2, ••• , oo) admits two 
different structures of Ox-module — one as given by left multiplication (where 
we denote this Ox-module by l/ D^{ og , slog ), and the other given by right multi¬ 
plication (where we denote this Ox-module by r 0^ og ^ 5log ) —. In particular, 
we have 

(79) /siog = 0 and l T> x \ 0s / S i os = g/si°s = ®x- 

The set {O^i og / Slog }j> 0 forms an increasing filtration on £><^ SIog satisfying 
that 


(80) 


U T) <J = T) <0 ° and T) < i +1 IT .) <J 71 

X l °s /S lo s X lo s/S lo s> aliu X lo g/S lo s/ X lo e/S lo « ~ '.Y^s/S 1, 

j>0 


for any j > 0. 

Let T be a vector bundle on X , and consider the tensor product T > x iog/ S i og ®J r 
of T with the Ox-module r T ) y-iog^iog- In the following, we shall regard the 
£xi°g/s lo s ® ? as being equipped with a structure of Ox-module arising from 

the structure of Ox-module ^xU/s^g on -^xi°g/s lo s • 

Next, Vj- be an S-log connection on T . One may associate Vjr with a 
structure of left T>^ g j Slog -module 

(81) V c : V<T og/s iog 

(which is Ox-linear) on T determined uniquely by the condition that X v {d® 
v) = (V(v),d) for any local sections v G T and d G 7xio g /sio g , where (—, —) 
denotes the pairing (C2 x io g /gio g <g) T) x T x io e / S io g —)■ J 7 induced by the natural 
paring T x io S / s i°s x 0 Y i°g/si°g —> Ox- One verifies that this assignment V ha V v 
determines a bijective correspondence between the set of S'-log connections on 
X and the set of structures of left 0^^/ S , log -module V^ g ^ sXog ® T -A T on T. 


3.7. Let B be an arbitrary line bundle on A", and recall the p-determinant data 
{jean ._ ^ Vq^) constructed in § 12.31 Then, one may construct a canonical 
(GL P , Ug an )-oper as follows. 

First, observe that there exists an Ox-linear morphism 

(82) 4 : 7jS, /sl „ g ® B -» 2><£ /sl0 . ® B 

determined uniquely by assigning d® p ®b ha (d p — d (j> ^ , )®b for any local sections 
d G Tyiog/siog, b G B. We shall write 

(83) V% 

for the quotient of the left O<“ g ^ slog -module U< ^ g / 5 i og ®B by the T>^ g j glog - 
submodule generated by the image of T. 
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The structure of left T ) ^ K / 5log -module on T?g corresponds (cf. § 13.61) to an 
5-log connection 

(84) : T(g —>■ f2_Y lo s/s lo s ® T’g. 

Next, let us write Pg J for the image of U<{'TJ, s \ 0& <E> B via the natural sur¬ 
jection P<~ /s i og <g) £1 -» "Dg. {'Dg’-'}^ =0 forms a p-step decreasing hltration 

(85) 0 = Vl’ p C Vl' p ~ l C ■ ■ ■ C X?g’° = Dg 

on Z>g by vector bundles on X. 

Finally, denote by 

( 86 ) 4 

the isomorphism obtained by restricting the surjection Vl^g/s i og ®B -» Pg to 
V<l s/sloe ®B(=B) (cf. d79D). 

Then, one may prove the following proposition. 

Proposition 3.7.1. 

The collection of data 

(87) ©B* := 

forms a dormant (GL P , Ug an ) -oper on X/s of exponent (F p , F p , • • • , F p ). 

Proof. One may verihes, by the various dehnitions involved, that £>g^ is a 
dormant (GL p , Ug an )-oper on X/s- The remaining portion (i.e., £»g^ is of ex¬ 
ponent (F p , F p , • • • .F p )) follows from Proposition 13.3.81 (since a subset of F p 
with cardinality p coincides with F p itself). □ 


Proposition 3.7.2. 

Let us identify the p-determinant data Ug* with (Ug an ) w via the isomorphism 
asserted in Proposition ^. 5 . 31 Then, there exists a canonical isomorphism 

(88) 4 (©sT 

of (GLp, (Ug an ) v )-opers, where 

(89) (®P) V := (©r. V”,,{(©I v )TUo.^») 

denotes the dual (GL p , (Ug an ) v )-oper of® g^ (cf. $ 1 3.3,) . 

Proof. Consider the Ox -linear composite 

(90) DJS /s ,„ ® B* 4 PJS /s .^ ® (®f v r 1 -4 PJS /s ,. g ® ©I v V'l\ 

where 
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• the first arrow denotes the tensor product of the identity map of £h^ g / 5 i og 
and the composite isomorphism 

(91) B* 4 (TgZjX « e ) v 4 Tj , 7»f ,1 ) v 4 [VTY-' 

arising from the various definitions involved; 

• the second arrow denotes the natural inclusion; 

• the third arrow denotes the morphism defining the structure of left 
^/s'og-module on X>f v corresponding to V^,„ (cf. § 13.bp . 

Since ("Dg V , V^*) has vanishing p-curvature, this composite turns out to factor 
through the quotient V<™ g/slog ®B*^> The resulting morphism 

(92) a B : D** -A X>* v , 

determines an isomorphism of (GL p , (Ug an ) v )-opers from to (3}f ) v , as 
desired. □ 


4. Duality for dormant GL n -oPERS 

In this section , we discuss duality between dormant GL n -opers and dormant 
GL p _ n -opers. Let S, X/s, n, U be as before, and suppose that n < p and U is 
dormant. (It follows from Proposition 12.1.51 that such a U necessarily exists.) 

4.1. Let us consider a procedure for constructing a dormant GL( p _ n )-oper by 
means of a dormant GL n -oper. 

Let t : = (Tj)t =1 be an element of 2^_^ =n (where t := 0 if r = 0) and 
& ■= Vj-, {J rj }" =0 , r?g«) a dormant (GL„, U)-oper on X/s of exponent r. 
Consider the composite 

(93) /s loe /s log ® 1 ^ /s x °i ® F F ’ 

where the second arrow denotes the natural inclusion and the third arrow 
denotes the morphism defining the structure of left Pjb g / Slog -modnle on T 
corresponding to XJ j. Since (J 7 , Vj?) has vanishing p-curvature, this composite 
turns out to factor through the natural surjection l/ s i og <S> B -» Pf . We 
denote the resulting morphism by 

(94) > i s o : Z>S -> -A 

which is surjective and compatible with the respective S-log connections Vpg 
and Vjr. In particular, by restricting Vpg, one may construct an S'-log con¬ 
nection 

(95) 


Werfiijo) : Ker((j 5 o) -> ® Ker(i; s «) 
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on Ker^o). Moreover, for each j — 0, • • ■ , p, we shall write 

(96) Ker(r/gr<>) J := V*' J D Ker(^). 

The inclusions Ker (rj^o) 3 “-A T>^ of the cases where j = p — n — 1 and p — n 
give rise to a composite 

(97) r 7^0 : Ker(r^o ) (p_n)_1 -» Ker(?/y<>) (p_ri)_1 / Ker (%<>) P_ri 

-A Vl’ {p ~ nyi /V*' p ~ n 

~ T^p-l ^ pan 

^ / x iog/5iog 

= B^ n 

(cf. (1471) for the definition of H l> ’ n ), where the third arrow denotes the iso¬ 
morphism (1601) of the case where the GL n -oper is taken to be the underlying 
GL„-oper of Thus, we obtain a collection of data 

(98) 3^ ■= (Ker(^o), V K er(, 7 ^),{Ker(%o) J } p Zo,^). 


Proposition 4.1.1. 

is a dormant (GL( p _ n ), U^-oper on X/s of exponent t > (cf. ffffff for the 
definition of IP and 071) for the definition of t > ). 

Proof. First, we shall prove the claim that the natural composite 

(99) Ker(^o) -A V% -» Vt/V^ 

is an isomorphism. To this end, (since both Ker (rj$o) and T>g/T>^ p ~ n are flat 
over S) it suffices, by considering various fibers over S, to verify the case where 
S = Spec(fc') for an algebraically closed field k' over k. Let us write 

(100) gr J := Ker(ifoo)- 7 /Ker(r/^o ) J+1 

(j = 0, ■ ■ • ,p — 1). The inclusion Ker(p 5 ^) ^A Df gives rise to an inclusion 

(101) gr j -A V% j /Vp j+1 

into the line bundle Vg’ J /T>^ +1 . If Xi,--- ,Xl denote the generic points of 
irreducible components of A", then the stalk grj ; of gP at Xi (l — 1, • • • , L) is 
either trivial or free of rank one. In particular, since the stalk of Ker (rj$o) at 
Xi is free of rank n, the cardinality of the set Ii := {j | gr£ ^ 0 } is exactly 
n. Here, recall that the inclusion Ker (fj$o) ^A Vg is tautologically compatible 
with the respective fc'-log connections VK er ( 7 5 ^) and V p g. Thus, it follows 
from Proposition 13.7.11 that gr ^ 1 " 1 ^ 0 implies gr£ 0. But this implies that 
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Ii = { 0 , 1 , • • • ,n — 1 }, and hence, the composite (j99l) is an isomorphism at 
every generic point in X. Let us observe two sequences of equalities 

(102) deg (Ker ( 77 ^ 0 ) 

= deg(P|) - deg(J r ) 

= p(p — 1)(1 — g) + p ■ deg(£>) — n{n — 1)(1 — g) — n ■ deg(H) 

= (p — n){p + n — 1 + deg(£>)) 

(where the second equality follows from (E 2 D) and 

(103) deg(X>I/2^-) 

n— 1 

= deg(Z>f) - £ 
j =0 

n —1 

= deg(Pg) y^CT^ioe/fjiog ® B) 
j =0 

n —1 

= Pip ~ !)(! - 9) + P ■ deg (B) - ^(j(2 g - 2) + deg(E)) 

3 =0 

= p(p — 1)(1 — g) + p ■ deg(£>) — n{n — 1 ) (g — 1 ) — n ■ deg(H) 

= (p — n)(p + n — 1 + deg(£>)). 


By comparing deg(Ker(7^o)) with deg(Pf /V^’ p ~ n ), we conclude that the com¬ 
posite fl99l) is an isomorphism of CL^-modules. This completes the proof of the 

claim. 

By virtue of the claim, the morphism (1101ft for any j and the composite 
(cf. (l9?ft ) turn out to be isomorphisms. Hence, (since is a GL p -oper) 

the morphism gr J+1 —>• 12 .y 1 o s/s 1os ® gr - 7 induced naturally by X Ke^rj^)) (in the 
same manner as (l58jl ) is an isomorphism. Moreover, by the definition of Vq 
( cf. § 12 .5p . the composite isomorphism 


(104) det(Ker( 7 ? 5 o)) ->■ T xloe/sl 


(p—n)(p—n— 1) 
2 
og 


id ®(<o) 

A 


o, (p-n)(p-n-1) 
'T® 2 

' A' lo s/5 lo s 


(8) (Ker^))^-^- 1 ) 0 ^-^ 
ng >)®(p-n) 


obtained in the same manner as (j69j) is compatible with the respective S'-log 
connections det(VK er (^ 0 ))) and Vq. Finally, observe that since is dormant 
(cf. Proposition 13. 7. 111 . VKer(?j 5<> ) has vanishing p-curvature. 

Consequently, the collection of data 3^ forms a dormant (GL( p _ n ), ILP)-oper, 
and we complete the proof of Proposition 14.1.11 □ 
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4.2. Consequently, we obtain a dormant (GL( p _ n ), U*)-oper 

(105) 3^* := (3^) v 

on X/g of exponent r*. The assignment (—)* (i.e., 3^ ha 3 ^* for each 
dormant (GL„., U)-oper 3^) is compatible with both base-changing s '*(—) (cf. 
(170]) ') via any morphism s' : S' —» S of /e-schemes and tensoring (—)<g,£ (cf. 
§ 13.41) with any log integrable line bundle £ := (£, V/;). More precisely, there 
exist a natural isomorphism 

(106) s'* (3°*) (s'*(3°))* 

of (GL n , s'*(U))-opers and a natural isomorphism 

(107) (S°*Vv 4 (5« £ )* 

of (GL n ,U* <g> £ v )-opers, where we identify U* <g) £ v with (U ® £)* via the 
isomorphism asserted in Proposition 12.5.21 


Proposition 4.2.1. 

Let us identify the n-determinant data (U*)* with U via the isomorphism 
asserted in Proposition 1 2.5. R Then, there exists a natural isomorphism 

(108) (3**)* ^ ^ 

of (GL n , U )-opers. 

Proof. For simplicity, we shall write 

(109) (U*=:(LV £ ,{£y" =0 , % <>), 

which is a dormant (GL( p _ n ), U l> )-oper on X/s. The natural inclusion inc : 
£ ‘-A T>g induces, via the respective quotients, an isomorphism inc : S/S 1 -A 
Vg/Vg’ 1 (cf. the discussion in the proof of Proposition PT7TTT1 which assert that 
the morphism ( 1 101 1 ) is an isomorphism). One verifies that the composite 


( 110 ) B* 4 fl®>, /slo< 


e v -4 (r>|/B* a ) v 4 (£/£ 1 y = 


coincides with , where 

• the first arrow denotes the first isomorphism in 

• the second arrow denotes the dual of the isomorphism ( 1601 ) of the case 
where the triple “( 3 ^,'U, j)” is taken to be “(Sg^p, 0 )”; 

• the third arrow denotes the dual of inc. 

On the other hand, this composite may be naturally considered as the restric¬ 
tion to Pgff -1 of the composite inc v o as of the isomorphism as : -A T>q v 

asserted in Proposition 13.7.21 (cf. ()92|) ) and the dual inc v : -4 £ v of inc. 

Thus, it follows from Proposition 13. 1.31 that = inc v o a B . In particular, by 
taking the kernels of both rj t and inc v , we have a canonical isomorphism 

(ill) ((3 <>> ) v ) > ^ (3°) v 
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of GL n -opers. This isomorphism induces a sequence of isomorphism 

(112) ($<>*)* = (((3°T)T ^ ((^) v ) v ^ &>, 

where the last isomorphism follows from (175]) . The completes the proof of 
Proposition 14.2.11 □ 


4.3. We shall write (Set for the category of (small) sets. Also, for a scheme 
(or, more generally, a stack) over k, write &d)/s for the category of relative 
S'-schemes. Let us consider the (Set-valued functor 

2zz y 7 7. 

(113) L)Pgwj,* /s ( res P-> £Pgl„',o,t i 2 /s ) : &ci )/s ®et 

on (5cf)/s which, to any S'-schemes t : T —* S', assigns the set of isomorphism 
classes of dormant (GL„, f*(U))-opers on X/t (resp., dormant (GL n ,f*(U))- 
opers on Xt of exponent r) (cf. Remark [2.1 72]) . As explained later (cf. § 15.21) , 
both OpQL n) u,x /s an d ^Pgl„',u ,t,X/ S m ay be represented by relative finite S’- 
schemes . By virtue of Proposition 13.3.81 the relative S-scheme Dp G fi nl! ^ X/s 
decomposes into the disjoint union 

( 114 ) Sp G L ni U,X /s = U ^PGL n ,U,r,X /s - 

^(2jf_ )=n )x, 


Theorem 4.3.1. 

The assignment 3^ ha 3^* constructed in § \f.£\ defines a canonical isomor¬ 
phism 


(115) ®GL n ,U, T,X /S '■ &PGLn,V,?,3Z /s ^P 

over S satisfying the equality 

(l^) ®GL (p _ n) ,U*,r*,X /s ° ®GL„,U,f,£/ 5 


Zzz... 

GL (p _ n) ,U* T* A 


/s 


= id 


of automorphisms of Dp G 2' n , v ,?,v,x /s - 

Proof. The assertion follows from the isomorphism (I106D and Proposition 14.2.11 

□ 

The isomorphism 0* L „i)ri /s just obtained satisfies the following property. 


Proposition 4.3.2. 

Let a be an element of F* r (where we take a := 0 if r — Oj and £ := (£, Vc) 
be a log integrable line bundle on X/s of exponent a. Then, the assignment 
3^ ha 3^2 (cf. (fifty) determines an isomorphism 

(117) “GL n ,U,f,3e /s ,£ : b}pGL n ,U, r,X /s L^PgL„,U( 8>£,f+ s ,A /s 
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over S. Moreover, the square diagram 


e, 


£pGL. 


GL„ 


■ n , V , T , X/s 


/S 


(118) 


-GL n ,U ,t,X/ 5 ,£ 


^PGL (p _ n) ,U*,r*^ /s 

'GLn ,U,r ,X i §,£■ 


Q!0© 


^Pgl„, 


IJ®£,t +s 4/s 


GL„,D,f+ s ,X/j 


> £pGL (p _ n) U*®£ v ,T*X /s 


is commutative, where the lower horizontal arrow denotes the composite of 
®gl u®£ r+ s x /s an d th e isomorphism 


(119) 


Op 


GL (p _ n) ,(U®£)* (r+S)* 3C /S 


4 Dp 


GL (p _ n) ,U*®£v,(r*)-s^ /s 


arising, in an evident fashion, from both the equality (r + “)* = (r*) a (cf. 
Iflcfy) and the isomorphism (U®£)* —> U*<8)£ v asserted in Proposition ^. 5 . jj 

Proof. The former assertion follows from the discussion in § 13.41 The latter 
assertion follows from the isomorphism (11071) . □ 


Moreover, we obtain the following assertion as a corollary of Theorem 14.3.11 
Corollary 4.3.3. 

The structure morphism Op G L ( ”_ U)3E —>■ S of DpJl (p _ 1) ,u,x /s an 'Isomor¬ 
phism. That is to say, there exists a unique (up to isomorphism) dormant 
GL( p _i yoper on X/s- 

Proof. The assertion follows from Theorem 14.3.11 of the case where n — 1 and 
the discussion in Remark 13.3.71 □ 


5. Duality for dormant sI„-opers 

Let s\ n be the special linear Lie algebra over k of rank n < p. In m , we 
discussed the definition of a(n) (dormant) s[ n -oper (or, more generally, a g-oper 
for a semisimple Lie algebra g) on a pointed stable curve and various properties 
concerning their moduli. In this last section, we consider duality for dormant 
s( n -opers induced by Theorem 14. 3. II and some applications (by means of results 
of p-adic Teichmiillcr theory) to understanding the moduli stack of dormant 
sl n -opers of the case where n — p — 2. 
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5.1. Let us suppose further that n > 1 and write GL n (resp., PGL n ) for the 
projective linear group (resp., the general linear group) over k of rank n and 
gl n (resp., pgl„) for its Lie algebra. We identify pg[„ with the spectrum of the 
symmetric algebra Sfc(pgl^) on pg[„ over k. Since n < p, one may identify sl n 
with pg[ n via the natural morphism sl n gl n -» pgl„ and moreover, identify 
PGL n with the adjoint group of si n . Write c n for the GIT quotient pgl„/PGL n 
of pgl n by the adjoint action of PGL n , i.e., the spectrum Spec(Sfc(pgl)Q PGL ") 
of the ring of polynomial invariants on pg[ n . Denote by 

(120) n • pgtn ^ Cn 

the so-called Chevalley map, i.e., the morphism over k corresponding to the 
inclusion Sfc(pgl)() PGLn Sfc(pgl^) of P-algebras. Also, denote by G the Lie 
subalgebra of pgl n consisting of the image (via gl„ -» pgl„) of diagonal matri¬ 
ces. If k! is a held over k, then the set i n {k') of fc'-rational points of i n may be 
identihed with the quotient k' xn / A(k'), where A denotes the diagonal embed¬ 
ding k' ‘-A k /xn . The symmetric group G n of n letters acts, by permutation, on 
k' xn / A{k') in such a way that the subjection k' xn -» k' xn /A{k') is compatible 
with the respective © n -actions (cf. (J6J) ). Hence, we have the double quotient 
& n \k ,xn /A{k'). The natural surjection k' xn -» G n \k /Xn /A(k') factors through 
the surjection k' xn -» NjjW =n (cf. (Ej)), and we have the resulting subjection 

(121) vr(f : Mf ( '_ )=n -» & n \k' Xn /A(k'). 

Next, observe that the composite 

(122) k' Xn /A(k') (= t n {k')) ^ PQln(k') X "4 fc,) Cn(k') 

factors through the surjection k' xn /A{k') -» & n \k' xn / A(k'). one verihes that 
the resulting map of sets 

(123) Xn : &n\k' Xn /A{k') -A Cn(k') 

is injective, and if, moreover, k' is algebraically closed, then it is bijective. 

For each element a G k' and po G I m (X'n) (— c n (fc')), there exists uniquely a 
multiset 

(124) Po a := [Po,l> ' " 1 Po.ra] 

(where pj“ G k! for each j G {1, • • • , n}) over k! with cardinality n (i.e., an 
element of Nf ( '_ )= J satisfying that \n ° ^n(pT) = P and YTj =i Pop = «• 

Let us dehne a subset c n {k')® of c n (k') to be 

(125) tn(kT ■■= X i : ° ( 2f H=n ). 

If po G c n (F p )® and a G F p , then (since Pq“ is a subset of F p ) the element 

(126) 
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is well-defined and lies in C( p _ n )(F p )®. Note that the element p * does not 
depend on the choice of a. Thus, the assignment p t—)■ p* defines a well-defined 
bijection of sets 

(127) 9* : c n (F p )® —>■ c (p _ n) (Fp)®, 

which is verihed to satisfy the equality ° = id. 

For each p := (pi)[ =1 G c n (F p ) xr and a := (a;)[ =1 G F xr , we shall write 

(128) p** := € Kf_ )=n r. 

If, moreover, p lies in (c n (F p )®) xr , then one obtains 

(129) P* := (P*)U 6 (c ( p-n ) (Fp)®) xr . 

In particular, (/?*)* = p. 


5.2. Let p ■= (pi)i =i G c n (F p ) xr (where p := 0 if r = 0). We shall write 

(130) Dp Z s ^ X/s (resp., Op^,x /s ) ■ 

for the moduli functor, as introduced in [18] §3.6, classifying (the isomorphism 
classes of) dormant sl„-opers on X/s (resp., dormant sl„-opers on X/s of radii 
p). (For convenience, we shall say that any dormant s[ n -oper is of radii 0.) Both 
£p s £x /s and £)p 5 Z px /s may be represented by (possibly empty) relative finite 

^-schemes (cf. [18] Theorem C). Moreover, if r > 0, then Qp / f' l 'f X/s decomposes 
into the disjoint union 

(131) - II VeZm*- 

pe c„(F p )x^ 

(cf. [TH] Theorem C (i)). 

Now, let a := (n«)i=i e F xr , P := (Pi)i =i e c rt (F p ) xr (where we take a := 0 
and p := 0 if r = 0), and let U := (B, Vo) be a dormant ri-determinant data 
for X/s of exponent a. Also, let ^ be a dormant (GL n , U)-oper on X/s (resp., 
a dormant (GL„,U)-oper on X/s of exponent p* a , where p G c n (F p ) xr ). It 
induces, via a change of structure group GL n —> PGL n , a dormant sl„-oper on 
X/s (resp., a dormant s[ n -oper on X/s of radii p), which we denote by 
This assignment J 7 ^ t —> J 7 ^* defines a morphism 

( 132 ) AGU.U.2/S : £>Pgl„,u,x /s Gp s(n:X/s 
(resp., Agl„,u,p,a / iS : ^Pgl„,u ,p* s ,x /s ®Psi n ,p,X/s) 

over S. By [T8], Corollary 4.13.3 (i), A G l„,u,x /s is an isomorphism. (I 11 partic¬ 
ular, Op G L nj u,x /S ) as we ^ as ^Pgl iip* s i /s > may be represented by a relative 
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finite S'-scheme.) On the other hand, it follows from Proposition 13.3.81 that if 
r > 0, then h)pGL„ u,A /s decomposes into the disjoint union 

) 133 ) ^PGL n ,U,X /s = II ^PGL„,D,p«,r /s - 

pe(c ri (F p )®)x'- 

Hence, the decomposition (1131 jl may be described as 
( 134 ) ^ ) p0[„,3e /s = U ^P S [ n ,p,x /s > 

pG(Cn(F p )®)X- 

and, by restricting A G L n ,u,A /S ) w e obtain an isomorphism 

( 333 ) Agl„,U,p,X /s : ^pGL n ,U,p* s ,£ /s ^Ps ln,P,X /s 

over S. Considering the composite isomorphisms 

(136) := A GL {p _ n) ,U,A /s ° ©GL„,U,A/ S ° A GL„,U,£ /S > 

®* n ,p,X /s := A GL (p _ n) ,U,(p* s )*, A /s ° 6 GL„,D,p* s ,r /s ° A GL„,U,p,X /s - 

Proposition 14.3. 2l implies that these morphisms do not depend on the choice of 
U. By applying Theorem 14.3.11 we obtain the following theorem. 


Theorem 5.2.1 (= Theorem A). 

(i) For each positive integer n with 1 < n < p — 1, there exists a canonical 
isomorphism 

(137) 0* T : OpTr ^ OpT" x 

V / Sin,X/s r 5i n ,X/s r 5l( p _ n ) ,X/s 


over S satisfying that 0* , x o 0*^ x ? = id. 

(ii) If, moreover, r > 0 and we are given an element p £ (c n (F p )®) xr , then 
we obtain, by restricting 0* ( x /s > a canonical isomorphism 


(138) 


0 


★ 

Sin,P,%/S 


:Dp 


Zzz... 

sl n ,p,X/5 


Zzz... 

°Ps[(p-„),P*,X/s 


over S satisfying that 0 


★ 

^(p— n 


)’P,X/s 


o 0 


★ 

sl n ,p+,X /3 


id. 


Also, by Corollary 14.3.31 we obtain the following assertion. 


Theorem 5.2.2 (= Theorem B). 

The structure morphism 0p s( ^j ]) X/g —> S of is an isomorphism. 

That is to say, there exists a unique (up to isomorphism) dormant sl( p _i)-oper 
on X/s- 
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5.3. As a corollary of Theorem 15.2.11 obtained just above, one may have an 
understanding of dormant sl( p _ n )-opers (of the case where n is small relative 
to p) by means of knowledge of dormant sl n -opers that we have obtained in 
previous works. 

First, we shall recall the theory of dormant operatic fusion rings dp'li n dis¬ 
cussed in [IS], §6. For each integer n with 1 < n < p — 1 and p := G 

CnOF P ) xr (where p := 0 if r = 0), write 


(139) 


Op 


Zzz... 
sl n ,p,g,r 


for Opsi'^X/s the case where the pointed stable curve X/s is taken to be the 
tautological pointed stable curve 


(140) (item : £g,r XSl g,r, {%i, : £g,r}i= l) 

(cf. § 1 1.3 j) over Xft 9tr - That is, is defined to be the stack in groupoids 

over ©cf)/s pec (fc) whose category of sections over a fc-scheme S is the groupoid 
of the pairs (X/s,£*) consisting of a pointed stable curve X/s over S of type 
(g,r) and a dormant sl n -opers on X/s of radii p. (Indeed, it follows from [IS] . 
Proposition 2.2.5, that any (dormant) sl„-oper does not have nontrivial auto¬ 
morphisms.) 

According to [IS], Theorem C and Theorem F, Dp s[ ()' - gr is hnite and gener- 
ically etale over 91i r/ , r . Let 


(141) 


N. 


p,sl n ,p,g,r 


denotes the generic degree of Op g ^g over 9Tt gr . Here, for each hnite set /, N 7 
denotes the free commutative monoid generated by /, and moreover, for each 
integer l, N 7 ; denotes the submonoid of N 7 consisting of elements Y^L\ OjA* 
(where A * G / and a* G N for each % — 1, • ■ • , m) with Y1T=i a * — ^ Th en > the 
function 


(142) 


CLc Z 


AA ^ A ) 


p,sln,p,g,r 


2—1 


is verihed to be well-defined, i.e., the value N p " lr ^ g r does not depend on the 
ordering of pi, • • • , p r (cf. |T8] , the discussion following Proposition 6.3.2). It 
follows from [IS], Theorem 6.8.1 and Theorem 6.8.4 (i), that if gi, g 2 are 


nonnegative integers and x G N- 
functions } 9 >o satishes the following rule: 


Cn(IFp) 

>3-291) y 


^> 3 - 292 ’ ^ ien the collection of 


(143) 


N„ 


p,sl n ,gi+g 2 


(x + y)= K‘Z,gi ( x + X )- KZm (V + X )- 


AGCn(Fp) 
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In particular, the functions iV f° rms a pseudo-fusion rule (cf. [18], Defini¬ 
tion 6.4.1) on the set c n (F p ) (with trivial involution), and hence, one obtains 
the fusion ring 


(144) 


s. 


PMn 


(cf. HZ), (726)). 

1341) implies tl 

ncl (cf. [18], Remark 6.5.1) of N^ fi , i.e., N^ ln f y. 0 , r ± 0 only if p e (c n (F p 


associated with N ^ 0 

The decomposition (11341) implies that c(F p ) \c n (F p )® is contained in the ker- 

yZlZZ. . 

' p,s\ n ,pfi,r 

Hence, the restriction 


(145) 


nl 


n: 


P,Sin,0 


N c„(F p )® 

^>3 


of Np'st^o 1° N> 3 (Fp ^ Q N>g Fp ' 1 forms a pseudo-fusion rule on c n (F p )®, and the 

'ZiZZ 

natural inclusion ^ 5p, 0 [„ §i ves rise 1° an isomorphism 


(we) ^ r e d 4(^;; ( j red 

(cf. [IB], Remark 6.5.1) between the reduced rings associated with and 
3p2 n respectively. Let 


(147) Cas pMn 

be the element of (S p ^( n ) red defined to be the image of ^agc„(f p ) e &p*si„ y i a 

the quotient (7 pp (,„ -» (SpiTr,, )red- Then, by means of Theorem 15.2.11 we have 
the following corollary . In particular, one may extend (cf. Corollary 15.3.11 
(ii)) a result in the paper [TS] (cf. [IS] Theorem G ) concerning an explicit 

ZiZZ 

computation of the value N p 5[n i g 0 - 


Corollary 5.3.1. 

(i) There exists a canonical isomorphism 


(148) (Ct)red 4 (C kp _ n) U (=: 5) 

of rings that sends Cas p , s i n to Cas P:S i (p _ n) (=: Cas). In particular, for 
each p = (pi) r i= i G (c n (F p )®) xr (where p 0 if r = Oj, we have the 
equalities 


(149) 


Zzz... Zzz... 

pMn,p,g,r ~ 7 >,sl (p _„),p*,g,r 


r 

Y x(Cas ) 9-1 • x{pi), 

XGHom(5,K) *=1 


where Hom($, M) denotes the set of ring homomorphisms $ —> M. 

(ii) Suppose that p > n ■ (g — 1). Then, the generic degrees N p ((( 0 g 0 and 
YY ) q ) g o are given by the following formula: 
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(150) 

j-^Zzz... ^..Zzz... 

^p,s\ n ,<D,g ,0 — ^pM(p-n) , 0 , 9,0 




£ 

(Ci.-,Cn)6CX» 


GTLi C.)<’-‘K»-o 

rwc. - &)’- 1 ' 


Proof. Assertion (i) follows from [18] Theorem E, Theorem 15.2.11 (ii). the defi¬ 
nitions of N p 'ff 0 and 3 p " sln , and the isomorphism (1146ft (as well as the isomor¬ 
phism (1146p of the case where the integer “n” is taken to be “p — n”). Assertion 
(ii) follows from [18], Theorem G, and Theorem 15.2.11 (i). □ 


5.4. In the following, we focus on the case where n — p — 2. By means of 
Theorem 15.2.11 and results in the p-adic Teichmuller developed by S. Mochizuki 
(cf. [13]), one may prove Corollary 15.4.11 and Corollary 15.4.21 described below. 

Corollary 5.4.1. 

Let p e C(p_ 2 )(F p ) xr . Then, the stack Dp [ ZZ '" - is a (possibly empty) ge- 

ometrically connected, proper, and smooth Deligne-Mumford stack over k of 
dimension 3g — 3 + r. Moreover, the natural morphism ^P B T^L 2 ),p,g,r ~^ 
finite, faithfully flat, and generically etale. 

Proof. The assertion follows from Theorem 15.2.11 (ii) of the case n — 2 and [13] , 
Chap. II, §2.8, Theorem 2.8, which asserts that Dp s[ zz k* is satisfies the same 
properties as the properties that are desired, in the statement, for Dp^^) ~ g r . 


Next, we consider the structure of the reduced ring (5^™i (p _ 2) ) re d associated 
with _ 2) - (bi order to perform any computation that we will need in 
the ring dJ,sU„_o\t ^ suffices to understand the structure of (S' pig _ Jred (cf. 


F:={a6Z|0<a< 


P 


-}• 


’PM(p- 2) ’ 

Corollary 15.3.11 (i))). 

Let us write 

( 161 ) 

The composite 

(152) F ->■ 2jj ( p _ )=(p _ 2) -)■ C(p_2)(F p ) 

is injective, where the first arrow denotes the map 

(163) F 


a hg F p \ {0, —2a — 1}. 

We shall regard F as a subset of C(p_ 2 )(F p ) via this composite injection. 
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Corollary 5.4.2. 

The complement of F in C( P _ 2 )(F P ) is contained in the kernel (cf. [18], Remark 
6.5.1) of Ap,Ti (p _ 2 ) ,o- Moreover, the structure constants A^™i' p 0 (a + /3 + 7 ) 
(where a, f3, 7 G C( P _ 2 )(F P )) of the fusion ring 5’p™i (p _ 2) are given as follows: 


(154) 


N pM ( p _ 2) , o(« + /3 + 7) 


1 if (0,0,7) eW, 

0 if (a, /3, 7 ) £W, 


where W denotes a subset of F x3 (C. C(p_ 2 )(F p ) x3 / defined to be 


(155) 



( 

0 < s < t + u, 'j 

W := < 

(s,t,u)e F x3 

s + t + u<p — 2, and 0 < t < u + s, 

0 < u < s + t. J 


Proof. Consider the composite 

(156) F -A sI 2 (F p ) c 2 (F p ), 

where the hrst arrow denotes the map given by assigning a ha ^ . 

This composite factors through the inclusion c 2 (F p )® —* c 2 (F p ). By passing to 
the resulting injection w : F A c 2 (F p )®, we regard F as a subset of c 2 (F p )®. 
According to the discussion in [18], §6.9 (or, [13], Introduction, § 1.2, Theorem 
1.3), the structure constants AT J l 2 ’[ 0 (o! + (3 + 7 ) (where a, / 3 , 7 G c 2 (F p )®) of 
$n!, (cf- (H45jl ) are given as follows: 


as?) <;;■>+£+7) 

On the other hand, the composite 


1 if («, /3, 7 ) G W, 
0 if (a, £, 7 ) (f W. 


(158) F ^A c 2 (F p )® -A C( p _ 2 )(F p )® ^A C(p_ 2 )(Fp) 

coincides with the composite (11521) . Thus, the assertion follows from Theorem 
15.2.11 (ii) of the case n — 2. □ 
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